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Abstract. Ranked lists of output trees from syntactic statistical NLP
applications often suffer from multiple repeated entries, leading to mis-
representation and loss of information. This is chiefly due to nonde-
terminism in the structure from which the lists are generated. Since
weighted tree automata are an appropriate representation of this kind of
structure, we show a technique derived from Kirsten and Mäurer (2005)
to determinize them. This eliminates repeated entries from the resulting
list while preserving proper weights. Our technique verifies the results
conjectured in May and Knight (2006) for nonrecursive wta and out-
lines requirements for generalization to recursive wta for certain weight
domains.

1 Introduction

Natural language processing (NLP) systems that seek to answer some difficult
questions such as “What is the English translation of this Chinese sentence?” or
“What is the syntactic parse of this sentence?” typically propose a large or even
infinite set of potential answers, each equipped with a weight. In order to make
reasoning on such a large set of answers feasible, often only a subset of k best
answers (highest ranking according to their weights) is considered.

Frequently, these NLP systems are nondeterministic, i.e., one answer may be
derived in a (large) number of ways; and the weight of an answer is accumulated
from the weights of its derivations. For instance, many models produce answers
by combining partial results of various sizes [1–5]; others use varying degrees of
context to generate answers [6].

As noted in [1, 7, 8], many implementations in fact do not output a list of
k best answers, but of k best derivations. This hurts performance because these
lists can differ greatly, depending on the degree of nondeterminism. We con-
ducted an experiment on a state-of-the-art syntax-based machine translation
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Fig. 1. For each of 1,287 Arabic test sentences the number of different English syntax
trees obtained from the top 10,000 derivations is shown. The Arabic test sentences were
sorted by this number in descending order.

system, similar to that described in [9]. The system is trained on 170,000 sen-
tences of English-Arabic bitext, the English side parsed [6], and the sentences
word-aligned with standard semi-supervised methods [10]. Fig. 1 indicates that
nondeterminism was pervasive.

Let us briefly indicate three ways of obtaining a list of best answers, or an
approximation thereof, from these implementations. The obvious noninvasive
way for an approximation is to merge derivations in the output list according to
the answer they belong to. This approach can necessitate a parameter increase:
some l >> k derivations may have to be processed in order to obtain a fixed
number k of unique answers. Clearly, the actual weight and thus the model’s
preferential order of the answers will not be known, as the true weight may be
spread across many derivations.

In order to open our discussion for invasive approaches, we consider opera-
tional models which can be used to describe NLP implementations. When the
answers are drawn from a linear sequential model, such as a speech recognition
lattice or an n-gram language model, an appropriate operational model is the
weighted finite-state automaton (wfsa). For tree-based systems, which can be
found in syntactic parsing and recently in machine translation [6, 11, 2], a suit-
able operational model is the weighted (finite-state) tree automaton (wta) [12,
13], a generalization of wfsa1. A list of k best accepting paths (corresponding to
derivations of answers) can be obtained efficiently for these automata [16, 17].
Naturally, the nondeterminism of the NLP systems is reflected in the automata,
i.e., they may contain several paths that represent the same answer.

A second approach for approximating a list of k best answers may now be
obtained by supplementing the first approach with a method of pruning the

1 Other widely used representations of a potentially infinite tree space in syntactic NLP
literature are packed forests [14] and regular tree grammars [15], however weighted
forms of all of these representations are isomorphic (under acceptable conditions)
and wta are more appropriate for the notions presented here.
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automaton. This can reduce the parameter increase required, but may entirely
remove some unique answers. A third, more principled approach is determiniza-
tion. Determinization of an automaton generates an equivalent deterministic
automaton, i.e., one that recognizes the same object with the same weight, but
by at most one accepting path. Thus, for deterministic automata, the list of
k best paths coincides with the list of k best answers. While determinization can
in general be costly (having a worst-case time complexity which is exponential
in the number of states), it comes without the downsides of an approximation.

Starting from the well-known powerset construction, Mohri [18] developed an
algorithm for determinizing wfsa over the tropical semiring and showed sufficient
conditions for its termination. Kirsten and Mäurer [19] generalized this approach
to a large class of semirings by introducing factorizations. Determinization of wta
was first described by Borchardt [20], however he required the semiring to be
locally finite. May and Knight [8] applied Mohri’s approach to nonrecursive wta
over the semiring of nonnegative reals, and they provided empirical evidence
that their algorithm was effective on repetitive output from machine translation
and parsing systems, but gave no formal proof of correctness.

In this paper, we generalize the factorization approach of [19] from wfsa
to wta. We give a formal construction and a proof of its correctness, and we
show sufficient conditions for its termination. Our work generalizes [8] by also
considering the case of recursive wta. Following [19], we require in this case
that (i) the wta have the twins property and (ii) the semiring be extremal.
Since Property (i) is undecidable, further research is needed to turn our result
for recursive wta into an algorithm. Property (ii) implies that only the best
derivation of each answer is taken into account.

2 Preliminaries

A pair (Σ, rk) is a ranked alphabet if Σ is an alphabet and rk : Σ → N. Let
(Σ, rk) be a ranked alphabet. If rk is clear from the context, then for every k ∈ N

we write Σ(k) instead of rk
−1(k). Henceforth, we identify (Σ, rk) with Σ.

Let V be a set. We define the set of trees over Σ indexed by V , denoted
by TΣ(V ), to be the smallest set T such that V ⊆ T and for every k ∈ N,
σ ∈ Σ(k), and ξ1, . . . , ξk ∈ T , also σ(ξ1, . . . , ξk) ∈ T . We set TΣ = TΣ (∅). Let
ξ ∈ TΣ (V ). We define the set of positions of ξ as follows. If ξ ∈ V , then pos(ξ) =
{ε}. If ξ = σ(ξ1, . . . , ξk), then pos(ξ) = {ε} ∪ {iw | i ∈ {1, . . . , k}, w ∈ pos(ξi)}.
Let w ∈ pos(ξ). The label of ξ at w is denoted by ξ(w) and the subtree of ξ
rooted at w is denoted by ξ|w.

A tuple A = (A, +, ·, 0, 1) is a semiring if A is a set, + and · are binary,
associative operations on A, + is commutative, · distributes over +, 0 and 1 are
elements of A, 0 is neutral with respect to +, 1 is neutral with respect to ·, and 0
is absorbing with respect to · (i.e., a · 0 = 0 = 0 · a).

Let A = (A, +, ·, 0, 1) be a semiring. In notation, we will identify A with A.
We say that A is commutative if the operation · is commutative, and A is zero-
divisor free if a · b = 0 implies that a = 0 or b = 0.
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Example 1. We give examples of semirings (commutative except no. 5):

1. the Boolean semiring (B,∨,∧, 0, 1) where B = {0, 1}, and ∨ and ∧ denote
disjunction and conjunction, respectively;

2. the semiring of nonnegative real numbers (R≥0, +, ·, 0, 1),
3. the Viterbi semiring ([0, 1], max, ·, 0, 1);
4. the tropical semiring (R≥0

∞ , min, +,∞, 0) where R
≥0
∞ = R

≥0 ∪ {∞};
5. the formal language semiring (P(∆∗),∪, ·, ∅, {ε}) over an alphabet ∆ where ·

denotes the usual concatenation of languages. ⊓⊔

For the rest of this paper, let Σ be an arbitrary ranked alphabet, and let
(A, +, ·, 0, 1) be an arbitrary commutative semiring.

Let Q be a set. The set of all mappings from Q into A (in some cases also
called Q-vectors over A) is denoted by AQ. For every u ∈ AQ and q ∈ Q, we
denote u(q) by uq, the q-component of u. The Q-vector over A which maps
every q ∈ Q to 0 is denoted by 0̃. A (formal) tree series (over Σ and A) is a
mapping ϕ : TΣ → A. For every ξ ∈ TΣ , we call ϕ(ξ) the coefficient of ξ with
respect to ϕ and denote it by (ϕ, ξ). The set of all tree series over Σ and A is
denoted by A〈〈TΣ 〉〉. The tree series which maps every tree to 0 is denoted by 0̃.

3 Weighted Tree Automata

A wta [12, 13, 21, 22] is a finite-state device which specifies a tree series. The core
of a wta is its transition mapping. Imagine a situation where the automaton
processes some node w of some input tree ξ. Then a transition of the automaton
is described by the states at the direct descendants of w, the label at w, and
the state at w itself. The transition mapping assigns a weight to every possible
transition. The transition weights are used later on to define the weight of ξ.
Intuitively, assigning a weight of 0 means that a transition is not possible.

A triple M = (Q, µ, ν) is a wta (over Σ and A) if Q is a nonempty finite set (of

states), µ is a family (µk | k ∈ N) (of transition mappings), µk : Σ(k) → AQk×Q

for every k ∈ N, and ν ∈ AQ (final weights). Let M = (Q, µ, ν) be a wta. We say
that M is bottom-up deterministic (for short: bu-det) if for every k ∈ N, σ ∈ Σ(k),
and (q1, . . . , qk) ∈ Qk, there is at most one q ∈ Q such that µk(σ)q1...qk,q 6= 0.

Example 2. Let A be the Viterbi semiring ([0, 1], max, ·, 0, 1), Σ = {σ(2), α(0)},
and M = (Q, µ, ν) the wta over Σ and A where

– Q = {Z, B},
– µ0(α)ε,B = 1, µ0(α)ε,Z = 0.2, µ2(σ)BZ,Z = 0.5, and µ2(σ)w,q = 0 for every

(w, q) ∈ (Q2 × Q) \ {(BZ, Z)},
– νZ = 1, νB = 0.

The mapping µ can be visualized by a hypergraph as shown in Fig. 2(a), which
omits any transitions with weight 0. Another equivalent representation of µ is
given by the rules and rule weights of a weighted regular tree grammar as in
Fig. 2(b). Note that M is not bu-det because µ0(α)ε,q 6= 0 holds for every
q ∈ {B, Z}. ⊓⊔
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B Zα/1

σ/0.5
α/0.2

Z → σ(B, Z) 0.5
Z → α 0.2
B → α 1

(a) (b)

Fig. 2. (a) Visualization of a transition mapping using a hypergraph. (b) The same
transition mapping shown as a weighted regular tree grammar.

Now we define two different semantics for wta. We begin with the initial
algebra semantics, which provides the framework for both our determinization
construction and the proof of its correctness. In this approach, in order to com-
pute the weight for a given input tree ξ = σ(ξ1, . . . , ξk), the wta recursively
computes for each state a separate weight of ξ. Let us denote the weight of ξ in
state q by hµ(ξ)q. Then hµ(ξ) is a Q-vector over A, i.e., hµ(ξ) ∈ AQ. The vector
hµ(ξ) is obtained by combining the weights from the vectors hµ(ξ1), . . . , hµ(ξk)
in a specific way, using the transition weights from µ. Before we define hµ for-
mally, we show an auxiliary definition which is an extension of µ and which
captures this kind of combination.

Let M = (Q, µ, ν). Then µ induces a family (µM (σ) | σ ∈ Σ) of mappings
where for every k ∈ N and σ ∈ Σ(k) we have µM (σ) : AQ × · · · × AQ

︸ ︷︷ ︸

k

→ AQ and

for every u1, . . . , uk ∈ AQ

µM (σ)(u1, . . . , uk)q =
∑

(q1,...,qk)∈Qk

(u1)q1
· . . . · (uk)qk

· µk(σ)q1...qk,q .

Then hµ : TΣ → AQ is defined recursively by letting for every ξ = σ(ξ1, . . . , ξk):
hµ(ξ) = µM (σ)(hµ(ξ1), . . . , hµ(ξk)). Finally, the i-behavior of M , denoted by
[[M ]]i, is the tree series in A〈〈TΣ 〉〉 such that for every ξ ∈ TΣ :

([[M ]]i, ξ) =
∑

q∈Q

hµ(ξ)q · νq .

In fact, hµ is the unique Σ-homomorphism from the initial Σ-algebra TΣ to the
Σ-algebra (AQ, µM ); this gives the name to this semantics [23].

Example 3. We show the i-behavior of M from Example 2. For notational con-
venience, we will write the elements of AQ as column vectors, where the first
row is the B-component. Then by elementary computation

hµ(α) =

(
1

0.2

)

, hµ(σ(α, α)) =

(
0

hµ(α)B · hµ(α)Z · 0.5

)

=

(
0

0.1

)

.

Now we form a general hypothesis. To this end, we define for every n ∈ N the
tree ρn ∈ TΣ by letting ρ0 = α and ρn+1 = σ(α, ρn) for every n ∈ N. It is easy
to prove by induction on ξ that

hµ(ξ)Z =

{

0.2 · 0.5n if ξ = ρn for some n ∈ N ,

0 otherwise .
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Fig. 3. Visualization of an input tree ξ and runs κ1 and κ2 from Example 4.

By the nature of ν, it is easy to see that ([[M ]]i, ξ) = hµ(ξ)Z . ⊓⊔

In the run semantics, which provides the framework for our termination re-
sult, every node of the input tree is decorated with a state. Using the information
from µ, such a decoration (called a run) is given a weight. The weight of the
input tree is then the sum of the weights of all possible runs. Preparing for our
result, we consider trees with zero or more occurrences of the nullary symbol z.

Let ξ ∈ TΣ ({z}) and p, q ∈ Q. We define the set Rp,q
M (ξ) of runs of M on ξ

beginning at occurrences of z in state p and ending at the root in state q by letting
Rp,q

M (ξ) = {κ : pos(ξ) → Q | κ(ε) = q, ∀w ∈ pos(ξ) : ξ(w) = z implies κ(w) =
p}. We set Rq

M (ξ) =
⋃

p∈Q Rp,q
M (ξ) and RM (ξ) =

⋃

q∈Q Rq
M (ξ).

Moreover, we define the mapping wtM,ξ : RM (ξ) → A by letting for every
κ ∈ RM (ξ): wtM,ξ(κ) =

∏

w∈pos(ξ) wtM,ξ(κ, w) where wtM,ξ(κ, w) = 1 if ξ(w) =

z and wtM,ξ(κ, w) = µk(σ)κ(w1)...κ(wk),κ(w) if ξ|w = σ(ξ1, . . . , ξk). Furthermore,
we will use the following abbreviation: for every finite subset R ⊆ RM (ξ) we let
wtM,ξ(R) =

∑

κ∈R wtM,ξ(κ). In the sequel, we will omit the subscript ξ if clear
from the context.

The r-behavior of M , denoted by [[M ]]r, is the tree series in A〈〈TΣ 〉〉 such that
for every ξ ∈ TΣ :

([[M ]]r, ξ) =
∑

q∈Q,κ∈R
q

M
(ξ)

wtM (κ) · νq .

Example 4. We reconsider the wta M from Example 2. Fig. 3 depicts the tree
ξ = σ(α, α) and two runs κ1, κ2 ∈ RZ

M (ξ), augmented by the transition weights
at each position. It is easy to see that wtM (κ1) = 0 and wtM (κ2) = 0.1. ⊓⊔

In [22, Sect. 3.2], it has been shown that [[M ]]i = [[M ]]r. Hence, we drop the
subscript from these notations. We say that two wta M and M ′ over Σ and A
are equivalent if [[M ]] = [[M ′]].

Lemma 5. Let (Q, µ, ν) be a bu-det wta and ξ ∈ TΣ . There is at most one q ∈ Q
such that hµ(ξ)q 6= 0, and there is at most one κ ∈ RM (ξ) such that wtM (κ) 6= 0.

Throughout this paper, we assume for every wta M = (Q, µ, ν) that there is
an α ∈ Σ(0) such that µM (α)() 6= 0̃. We can do this without loss of generality
because otherwise, [[M ]] = 0̃, and this tree series can also be computed by a wta
which has the aforementioned restriction.

In the sequel, let M = (Q, µ, ν) be an arbitrary wta over Σ and A such
that µM (α)() 6= 0̃ for some α ∈ Σ(0).
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1

0.2
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σ/0.1
α/1
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Fig. 4. Determinization of the wta M from Example 2 via (a) the approach of Bor-
chardt [20] and (b) the factorization approach.

4 Factorizations and Determinization

In the unweighted case, determinization is accomplished using the well-known
powerset construction. This construction can be generalized to the weighted case
in a straightforward manner by keeping the weights in the new states, however
at the price that the new state set might be infinite [20].

Example 6. We apply the technique of [20] to the wta M from Example 2. The
new state set is obtained as follows:

Q′ = {hµ(ξ) | ξ ∈ TΣ}

= {

(
0
0

)

,

(
1

0.2

)

,

(
0

0.1

)

,

(
0

0.05

)

,

(
0

0.025

)

, . . .} .

The first element corresponds to trees ξ with no i such that ξ = ρi, the second
to ρ0, the third to ρ1, and so on (cf. Example 3). Part of the resulting transition
mapping of the construction is shown in Fig. 4(a). Notice how the determinized
automaton mimics the behavior of µM using its states. ⊓⊔

By adapting the factorization technique of [19] from wfsa to wta, we are able
to improve the previous approach. Instead of moving the complete computation
of weights from the transition mapping into the new states, we factor the ele-
ments of AQ in such a way that the transition mapping in the new automaton
is equipped with the factor common to all components. For instance, applying
this technique to the wta of Fig. 2 yields the wta in Fig. 4(b). Now we develop
this approach in more detail.

Let Q be a finite set. A pair (f, g) is a factorization (of dimension Q) if
f : AQ \{0̃} → AQ, g : AQ \{0̃} → A, and u = g(u) ·f(u) for every u ∈ AQ \{0̃}.
A factorization (f, g) is called maximal if for every u ∈ AQ and a ∈ A, we have
that a · u 6= 0̃ implies f(u) = f(a · u). Note that if we had permitted a · u = 0̃
in the definition of a maximal factorization, and if f(a · u) were defined, we
would obtain that f(u) = f(0 · u) = f(0̃) for every u ∈ AQ. Also note that, for
every finite set Q, we have the uniquely defined trivial factorization (f, g) where
f(u) = u and g(u) = 1 for every u ∈ AQ \ {0̃}.
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Example 7. Let Q be a nonempty finite set and (f, g) a factorization of dimen-
sion Q. We show some cases concerning A and (f, g) where (f, g) is maximal:

1. if A is the semiring of nonnegative reals (R≥0, +, ·, 0, 1), g(u) =
∑

q∈Q uq,

and f(u) = 1
g(u) · u;

2. if A is the semiring (R≥0, max, ·, 0, 1), g(u) =
∑

q∈Q uq, f(u) = 1
g(u) · u; or

alternatively, g(u) = max{uq | q ∈ Q};
3. if A is the Viterbi semiring ([0, 1], max, ·, 0, 1), g(u) = max{uq | q ∈ Q}, and

f(u) = 1
g(u) · u;

4. if A is the tropical semiring (R≥0
∞ , min, +,∞, 0), g(u) = min{uq | q ∈ Q},

and f(u) = −g(u) + u.

Note that division by zero does not occur because u 6= 0̃. May and Knight [8] deal
with Case (1) and nonrecursive wta. Assuming a wfsa with the twins property,
Mohri [18] deals with Case (4), and Kirsten and Mäurer [19] can handle Cases
(2)–(4), in which A is extremal (for details see Sect. 5). ⊓⊔

We now adapt the determinization by factorization method of [19, Sect. 3.3]
from wfsa to wta. Let (f, g) be a factorization of dimension Q. The determiniza-
tion of M by (f, g) is the triple det(f,g)(M) = (Q′, µ′, ν′) where

– Q′ is the smallest set P ⊆ AQ such that for every k ∈ N, σ ∈ Σ(k),
u1, . . . , uk ∈ P : if µM (σ)(u1, . . . , uk) 6= 0̃, then f(µM (σ)(u1, . . . , uk)) ∈ P .

– µ′
k(σ)u1...uk,u =







g(µM (σ)(u1, . . . , uk)) if µM (σ)(u1, . . . , uk) 6= 0̃ and

u = f(µM (σ)(u1, . . . , uk)) ,

0 otherwise ,

for every k ∈ N, σ ∈ Σ(k), u1, . . . , uk ∈ Q′, and u ∈ Q′,
– ν′

u =
∑

q∈Q uq · νq for every u ∈ Q′.

Note that Q′ is uniquely determined because it is chosen from a set which is
closed under intersection. Moreover, Q′ is not empty because of our assumption
that µM (α)() 6= 0̃ for some α ∈ Σ(0). Hence, det(f,g)(M) is a wta iff Q′ is finite.
It is easy to see that, if det(f,g)(M) is a wta, then it is bu-det.

The following observation, which can be proved using the fixpoint theorem
of Tarski and Kleene [24, Sect. 1.5.2], shows a stratification of Q′; this basically
gives an algorithm for computing Q′ (in case it is finite).

Observation 8 Let det(f,g)(M) = (Q′, µ′, ν′). Then there is a family (Q′
i | i ∈

N) such that Q′
0 = ∅, for every i ∈ N we have Q′

i+1 = {f(µM (σ)(u1, . . . , uk)) |

k ∈ N, σ ∈ Σ(k), u1, . . . , uk ∈ Q′
i, µM (σ)(u1, . . . , uk) 6= 0̃} and Q′ =

⋃

i∈N
Q′

i;
moreover, Q′ is finite iff there is an n ∈ N with Q′ = Q′

n.

Example 9. We show how det(f,g)(M) = (Q′, µ′, ν′) is computed for the wta M
from Example 2 and the maximal factorization (f, g) given for the Viterbi semi-
ring in Example 7. First, we compute Q′ using Observation 8. We use the fol-
lowing abbreviations:

u1 =

(
1

0.2

)

and u2 =

(
0
1

)

.
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Then Q′
0 = ∅ and

Q′
1 = {f(µM (α)())} = {f(u1)} = {u1} ,

Q′
2 = {f(µM (α)()), f(µM (σ)(u1, u1))} = Q′

1 ∪ {f(0.1 · u2)} = {u1, u2} ,

Q′
3 = Q′

2 ∪ {f(µM (σ)(u1, u2))} = Q′
2 ∪ {f(0.5 · u2)} = {u1, u2} . (⋆)

For (⋆), we note that µM (σ)(u2, u1) = 0̃ = µM (σ)(u2, u2).
Clearly, we have Q′

i = Q′
2 for every i ∈ N, i ≥ 2. Hence, Q′ = Q2. Fig-

ure 4(b) shows µ′. In particular, g(µM (σ)(u1, u1)) = g(0.1 · u2) = 0.1 and hence
µ′

2(σ)u1u1,u2
= 0.1. Finally, ν′

u1
= 0.2 and ν′

u2
= 1. ⊓⊔

The following theorem, which corresponds to Theorem 3 of [19], shows that
maximal factorizations generate the smallest bu-det wta among all bu-det wta
which are obtained by factorization. Note that this does not mean that there is
no smaller equivalent bu-det wta.

Theorem 10. Let A be zero-divisor free and let (f, g) and (f̃ , g̃) be factoriza-
tions of dimension Q such that (f, g) is maximal. Moreover, let det(f,g)(M) =

(Q′, µ′, ν′) and det(f̃ ,g̃)(M) = (Q̃, µ̃, ν̃). Then Q′ = f(Q̃); hence |Q′| ≤ |Q̃|, and

if det(f̃ ,g̃)(M) is a wta, then so is det(f,g)(M).

5 Correctness and Termination

In this section, we show that our determinization construction is correct; more
precisely: if det(f,g)(M) is a wta, then det(f,g)(M) is equivalent to M . Moreover,
we give two sufficient conditions under which det(f,g)(M) is a wta. We begin with
correctness. The following theorem corresponds to Theorem 1 of [19].

Theorem 11. If det(f,g)(M) is a wta, then [[M ]] = [[det(f,g)(M)]].

Proof. Let det(f,g)(M) = (Q′, µ′, ν′) be a wta, i.e., Q′ is finite. We abbrevi-
ate det(f,g)(M) by M ′. Let ξ ∈ TΣ . Since M ′ is bu-det., Lemma 5 yields that
hµ′(ξ)u 6= 0 for at most one u ∈ Q′. We conjecture that (i) if there is no such u,
then hµ(ξ) = 0̃ (intuitively, both automata are stuck) and (ii) if there is such
a u, then hµ′(ξ)u · u = hµ(ξ) (intuitively, M ′ arrived at u, and we reverse the
factorization applied in the construction). A proof by induction, using our con-
jecture as hypothesis, yields that the conjecture is correct. We now show that
([[M ′]], ξ) = ([[M ]], ξ). It is easy to see that in Case (i) both sides evaluate to 0.
For Case (ii), we calculate ([[M ′]], ξ) =

∑

u∈Q′ hµ′(ξ)u · ν′
u =

∑

u∈Q′ hµ′(ξ)u ·
∑

q∈Q uq · νq =
∑

u∈Q′

∑

q∈Q hµ′(ξ)u · uq · νq =
∑

q∈Q hµ(ξ)q · νq = ([[M ]], ξ). ⊓⊔

Before we proceed with the sufficient conditions under which det(f,g)(M) is
a wta, we show another property. As can be seen from our construction, the
state set Q′ of det(f,g)(M) is obtained by alternatingly applying µM (σ) and f .
This alternation can be avoided if (f, g) is a maximal factorization. In that case,
one can first apply hµ, which evaluates operations of the form µM (σ), and then
apply f only once. This is expressed in the following lemma, which corresponds
to Lemma 2 of [19].
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Lemma 12. Let (f, g) be a maximal factorization, and det(f,g)(M) = (Q′, µ′, ν′).

Then Q′ ⊆ f(hµ(TΣ ) \ {0̃}).

Now we show two sufficient conditions for det(f,g)(M) to be a wta (cf. Theo-
rem 15). The first condition is adapted from [19, Theorem 5], that is, we require A
to be extremal2 [25] and M to have the twins property [26]; the second condition
requires hµ(TΣ ) to be finite, in particular this holds if M is nonrecursive. Now
we develop the ingredients.

The semiring A is called extremal if a+ b ∈ {a, b} for every a, b ∈ A. We note
that the semirings listed in Example 7 are extremal, except for the first one.

To define the twins property we need the concept of a context and the concept
of substition into a context. A Σ-context is a tree in TΣ ({z}) in which z occurs
exactly once. The set of all Σ-contexts is denoted by CΣ . Given a context ζ and
a tree ξ, we denote by ζ · ξ the tree which is obtained from ζ by replacing the
occurrence of z by ξ.

A wta M = (Q, µ, ν) is said to have the twins property if for every p, q ∈ Q,
ξ ∈ TΣ , and ζ ∈ CΣ , we have that if wtM (Rp

M (ζ ·ξ)) 6= 0 and wtM (Rq
M (ζ ·ξ)) 6= 0,

then wtM (Rp,p
M (ζ)) = wtM (Rq,q

M (ζ)).

Example 13. We show that the wta M from Example 2 has the twins property.
Let p, q ∈ Q, ξ ∈ TΣ , and ζ ∈ CΣ such that wtM (Rp

M (ζ ·ξ)) 6= 0 and wtM (Rq
M (ζ ·

ξ)) 6= 0. We show that wtM (Rp,p
M (ζ)) = wtM (Rq,q

M (ζ)). If p = q, this is trivial.
For reasons of symmetry, it suffices to consider the case that p = B and q = Z.
Since wtM (RB

M (ζ · ξ)) 6= 0, we conclude that ζ = z and ξ = α. Thus we obtain

wtM (RB,B
M (z)) = 1 = wtM (RZ,Z

M (z)). ⊓⊔

We note that the twins property is undecidable. This follows from the facts
that equality of recognizable series over the Tropical semiring is undecidable [27],
and that the latter problem can be reduced to the former.

Lemma 14. If A is a commutative, extremal semiring and M has the twins
property, then there is a finite set P ⊆ AQ with hµ(TΣ ) ⊆ {a ·u | a ∈ A, u ∈ P}.

Proof. We only sketch the proof idea. Let ξ1 ∈ TΣ . Since A is extremal, for
every q ∈ Q there is a κq ∈ Rq

M (ξ1) such that hµ(ξ1)q = wt(κq). If ξ1 is suffi-
ciently “large”, then we find positions w1 and w2 such that κq(w1) = κq(w2) for
every q ∈ Q. Provided that we have chosen the runs κq in a suitable manner,
the twins property guarantees that the “slices” of κq starting at position w1 and
ending at position w2 have the same weight, say a1, for every q ∈ Q. We can
remove this slice from ξ1, obtaining the smaller tree ξ2 and runs κ′

q on ξ2 with
wtM (κq) = a1 ·wtM (κ′

q). This can be iterated a finite number of times, yielding
the trees ξ1, . . . , ξn and weights a1, . . . , an−1, where ξn is in a finite set of “small”
trees (giving rise to a finite set P of vectors). ⊓⊔

Part (i) of the following theorem generalizes Theorem 5 of [19] from wfsa to
wta. Part (ii) provides a formal verification of [8].

2 called min-semiring in [19]
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Theorem 15. Let (f, g) be a maximal factorization. Then det(f,g)(M) is a wta
if (i) A is extremal and M has the twins property, or (ii) hµ(TΣ ) is finite.

Proof. Let det(f,g)(M) = (Q′, µ′, ν′). By Lemma 12, Q′ ⊆ f(hµ(TΣ ) \ {0}Q).
Hence, if hµ(TΣ ) is finite, so is Q′, and det(f,g)(M) is a wta. If A is extremal
and M has the twins property, Lemma 14 yields that there is a finite set P ⊆ AQ

such that hµ(TΣ ) ⊆ {a·u | a ∈ A, u ∈ P}. We calculate Q′ ⊆ f(hµ(TΣ )\{0}Q) ⊆
f({a ·u | a ∈ A, u ∈ P} \ {0}Q) ⊆ f(P \ {0}Q) because (f, g) is maximal. Hence,
Q′ is finite, and det(f,g)(M) is a wta. ⊓⊔

6 Conclusion and Open Problems

We have generalized the determinization by factorization of [19] from wfsa to wta.
We have proved that the construction is correct and shown sufficient conditions
under which it results in a finite automaton. We have indicated how our results
transfer to the algorithm of [8] for nonrecursive automata.

Further research is needed for the case of recursive automata. Allauzen and
Mohri [28] show that the twins property for wfsa is decidable for a decidable
subclass called cycle-unambiguous. In addition, there are applications where de-
terminization for wfsa has polynomial complexity [18]. It would be interesting
to see how these results transfer to our setting.

Acknowledgements The authors are grateful to the referees for critical, but
valuable remarks, and to Andreas Maletti for fruitful discussions.
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A Formal proofs

We will often use the following observation, which can be shown by elementary
computations.

Observation 16 For every k ∈ N, σ ∈ Σ(k), u1, . . . , uk ∈ AQ, and a1, . . . , ak ∈
A, we have µM (σ)(a1 · u1, . . . , ak · uk) = a1 · . . . · ak · µM (σ)(u1, . . . , uk).

A.1 Proof of Theorem 10

For the proof of Theorem 10 we need the following lemma.

Lemma 17. Let (f, g) be a maximal factorization. Furthermore, let k ∈ N, σ ∈
Σ(k), u1, . . . , uk ∈ AQ, and u′

1, . . . , u
′
k ∈ AQ such that u′

i ∈ {ui, f(ui)} for ev-
ery i ∈ {1, . . . , k}. Then µM (σ)(u1, . . . , uk) 6= 0̃ implies µM (σ)(u′

1, . . . , u
′
k) 6= 0̃,

and the converse holds if A zero-divisor free. Furthermore, if µM (σ)(u1, . . . , uk) 6=
0̃, then f(µM (σ)(u1, . . . , uk)) = f(µM (σ)(u′

1, . . . , u
′
k)).

Proof. We construct the sequence a1, . . . , ak ∈ A by letting for every i ∈ {1, . . . , k}

ai =

{

g(ui) if u′
i = f(ui) ,

1 otherwise .

Clearly then (⋆)

µM (σ)(u1, . . . , uk) = µM (σ)(a1 · u
′
1, . . . , ak · u′

k) ((f, g) factorization)

= a1 · . . . · ak · µM (σ)(u′
1, . . . , u

′
k) . (Obs. 16)

First, let µM (σ)(u1, . . . , uk) 6= 0̃. By (⋆) also µM (σ)(u′
1, . . . , u

′
k) 6= 0̃. Applying f

to (⋆) and using that (f, g) is maximal, we obtain that f(µM (σ)(u1, . . . , uk)) =
f(µM (σ)(u′

1, . . . , u
′
k)). Second, assume that µM (σ)(u′

1, . . . , u
′
k) 6= 0̃. Since ai 6=

0 for every i ∈ {1, . . . , k}, and since A is zero-divisor free, (⋆) yields that
µM (σ)(u1, . . . , uk) 6= 0̃. ⊓⊔

The following proof uses the stratification of Q′ from Observation 8.

Proof (of Theorem 10). Note that for every u ∈ AQ \ {0̃}, we have g̃(u) · f̃(u) =
u = g(u) · f(u), and by applying f we obtain f(f̃(u)) = f(u) = f(f(u)) be-
cause (f, g) is maximal.

We begin with the proof of f(Q̃) ⊆ Q′. We show the following statement
by induction on i: for every i ∈ N, f(Q̃i) ⊆ Q′. To this end, let i ∈ N and
ũ ∈ f(Q̃i+1). Then there are k ∈ N, σ ∈ Σ(k), and ũ1, . . . , ũk ∈ Q̃i such that
ũ = f(f̃(µM (σ)(ũ1, . . . , ũk))). Hence

ũ = f(f̃(µM (σ)(ũ1, . . . , ũk)))

= f(µM (σ)(ũ1, . . . , ũk))

= f(µM (σ)(f(ũ1), . . . , f(ũk))) (Lemma 17)

∈ Q′ . (induction hypothesis, def. of Q′)
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Now we prove Q′ ⊆ f(Q̃). We show the following statement by induction on i:
for every i ∈ N, Q′

i ⊆ f(Q̃). To this end, let i ∈ N and u′ ∈ Q′
i+1. Then there

are k ∈ N, σ ∈ Σ(k), and u′
1, . . . , u

′
k ∈ Q′

i such that u′ = f(µM (σ)(u′
1, . . . , u

′
k)).

By induction hypothesis, there are ũ1, . . . , ũk ∈ Q̃ such that u′
i = f(ũi) for

every i ∈ {1, . . . , k}. Hence

u′ = f(µM (σ)(f(ũ1), . . . , f(ũk)))

= f(µM (σ)(ũ1, . . . , ũk)) (Lemma 17)

= f(f̃(µM (σ)(ũ1, . . . , ũk)))

∈ f(Q̃) .

⊓⊔

A.2 Proof of Theorem 11, full version

Proof. Let det(f,g)(M) = (Q′, µ′, ν′) be a wta, i.e., Q′ is finite. Let us abbreviate
det(f,g)(M) by M ′. The claim follows from the following statement (⋆), which
we show by induction on ξ: for every ξ ∈ TΣ there is a u′ ∈ Q′ such that for
every u ∈ Q′ and q ∈ Q, we have

hµ′(ξ)u · uq =

{

hµ(ξ)q if u = u′ ,

0 otherwise .

Note that (⋆) implies that for every ξ ∈ TΣ there is at most one u ∈ Q′ such
that there is a q ∈ Q with hµ′(ξ)u · uq 6= 0.

Let ξ = σ(ξ1, . . . , ξk). By induction hypothesis, there are u′
1, . . . , u

′
k ∈ Q′

such that for every i ∈ {1, . . . , k}, u ∈ Q′, and q ∈ Q

hµ′(ξi)u · uq =

{

hµ(ξi)q if u = u′
i ,

0 otherwise .

We construct u′ as follows: if µM (σ)(u′
1, . . . , u

′
k) = 0̃, we fix an arbitrary u′ ∈ Q′;

otherwise, we set u′ = f(µM (σ)(u′
1, . . . , u

′
k)). Now let u ∈ Q′ and q ∈ Q. We will

use the following abbreviation:

ind = {(u1, . . . , uk) ∈ (Q′)k | µM (σ)(u1, . . . , uk) 6= 0̃ ∧ u = f(µM (σ)(u1, . . . , uk))} .

Then

hµ′(ξ)u · uq

= µM ′ (σ)(hµ′(ξ1), . . . , hµ′(ξk))u · uq

=
(
∑

u1,...,uk∈Q′ hµ′(ξ1)u1
· . . . · hµ′(ξk)uk

· µ′
k(σ)u1...uk,u

)

· uq (def. of µM ′ )

=
∑

u1,...,uk∈Q′ hµ′(ξ1)u1
· . . . · hµ′(ξk)uk

· µ′
k(σ)u1...uk,u · uq (†)

=
∑

(u1,...,uk)∈ind hµ′(ξ1)u1
· . . . · hµ′(ξk)uk

· g(µM (σ)(u1, . . . , uk))
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· f(µM (σ)(u1, . . . , uk))q (def. of µ′)

=
∑

(u1,...,uk)∈ind hµ′(ξ1)u1
· . . . · hµ′(ξk)uk

· µM (σ)(u1, . . . , uk)q

((f, g) factorization)

=
∑

(u1,...,uk)∈ind µM (σ)(hµ′(ξ1)u1
· u1, . . . , hµ′(ξk)uk

· uk)q (Obs. 16)

Note that by Lemma 5, the sum on each side of (†) has at most one nonzero
summand, which proves (†). Now we continue our calculation. To this end, we
distinguish two cases.

Case 1 : Let (u′
1, . . . , u

′
k) ∈ ind. Then we continue with

. . . = µM (σ)(hµ(ξ1), . . . , hµ(ξk))q (induction hypothesis)

= hµ(ξ)q .

Note that since (u′
1, . . . , u

′
k) ∈ ind, we have u = u′.

Case 2 : Let (u′
1, . . . , u

′
k) /∈ ind. Then we continue with

. . . = 0 . (induction hypothesis)

Since (u′
1, . . . , u

′
k) /∈ ind, we have µM (σ)(u′

1, . . . , u
′
k) = 0̃ or u 6= u′. For u 6= u′,

we have nothing more to show. Hence, let u = u′. Then µM (σ)(u′
1, . . . , u

′
k) = 0̃,

and we obtain

hµ(ξ)q = µM (σ)(hµ(ξ1), . . . , hµ(ξk))q

= µM (σ)(hµ′(ξ1)u′

1
· u′

1, . . . , hµ′(ξk)u′

k
· u′

k)q (induction hypothesis)

= hµ′(ξ1)u′

1
· . . . · hµ′(ξk)u′

k
· µM (σ)(u′

1, . . . , u
′
k)q (Obs. 16)

= 0 .

We have thus proved (⋆) and turn to the proof of [[M ]]i = [[M ′]]i. To this end,
let ξ ∈ TΣ . Then

([[M ′]]i, ξ) =
∑

u∈Q′ hµ′(ξ)u · ν′
u

=
∑

u∈Q′ hµ′(ξ)u ·
∑

q∈Q uq · νq (def. of ν′)

=
∑

u∈Q′

∑

q∈Q hµ′(ξ)u · uq · νq

=
∑

q∈Q hµ(ξ)q · νq (by (⋆))

= ([[M ]]i, ξ) .

⊓⊔

A.3 Proof of Lemma 12

The following proof uses the stratification of Q′ from Observation 8.

Proof (of Lemma 12). We show the following statement by induction on i: for
every i ∈ N, Q′

i ⊆ f(hµ(TΣ ) \ {0̃}). For i = 0, this is trivially true. Let i ∈ N
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and u ∈ Q′
i+1. Then there are k ∈ N, σ ∈ Σ(k), and u1, . . . , uk ∈ Q′

i such that
u = f(µM (σ)(u1, . . . , uk)). By induction hypothesis, there are ξ1, . . . , ξk ∈ TΣ

such that ui = f(hµ(ξi)) for every i ∈ {1, . . . , k}. Hence

u = f(µM (σ)(u1, . . . , uk))

= f(µM (σ)(f(hµ(ξ1)), . . . , f(hµ(ξk))))

= f(µM (σ)(hµ(ξ1), . . . , hµ(ξk))) (Lemma 17)

= f(hµ(σ(ξ1, . . . , ξk)))

∈ f(hµ(TΣ ) \ {0̃}) .

Note that we did not use the part of Lemma 17 which requires A to be zero-
divisor free. ⊓⊔

A.4 Proof of Lemma 14, full version

Before we can prove Lemma 14, we need some preliminaries. Let ξ ∈ TΣ ({z}) and
w ∈ pos(ξ). For every ξ′ ∈ TΣ ({z}) we denote by ξ[ξ′]w the tree obtained from ξ
by substituting the subtree rooted at w by ξ′. For every κ ∈ RM (ξ), we extend
the notions ξ|w and ξ[z]w to κ in the obvious way, i.e., for every w′ ∈ pos(ξ|w),
we set κ|w(w′) = κ(ww′) and for every ξ ∈ pos(ξ[z]w), we set κ[z]w(w′) = κ(w′).
Moreover, for every q ∈ Q, ξ ∈ TΣ ({z}), and κ ∈ Rq

M (ξ) we set RM (κ) = Rq,q
M (ξ).

Observation 18 Let A be an extremal semiring, ξ ∈ TΣ , and R ⊆ RM (ξ) be
finite. Then there is a κ ∈ R such that wtM (κ) = wtM (R).

A run κ ∈ R with the property that wtM (κ) = wtM (R) is called victorious
in [19].

Observation 19 Let A be an extremal semiring. Moreover, let ξ ∈ TΣ , w ∈
pos(ξ), and κ ∈ RM (ξ) such that wtM (κ) = wtM (RM (κ)). Then wtM (κ[z]w) ·
wtM (κ|w) = wtM (RM (κ[z]w)) · wtM (κ|w).

Proof. We have

wtM (RM (κ[z]w)) · wtM (κ|w)

=
(∑

ν∈RM (κ[z]w) wtM (ν)
)
· wtM (κ|w)

=
∑

ν∈RM (κ[z]w) wtM (ν) · wtM (κ|w) (distributivity)

=
∑

ν∈RM (κ) wtM (ν) (⋆)

= wtM (RM (κ)) = wtM (κ)

= wtM (κ[z]w) · wtM (κ|w) .

It is easy to see that the index set on the right-hand side of (⋆) is a superset of
that on the left-hand side, which in turn already contains wtM (κ). ⊓⊔
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Definition 20. Let Q′ ⊆ Q. Then we define C′
M,Q′ = {(ξ, κ) | ξ ∈ TΣ , κ ∈

RM (ξ)Q′

, ∀q ∈ Q′ : κq ∈ Rq
M (ξ), wtM (κq) 6= 0}. We set C′

M =
⋃

Q′⊆Q C′
M,Q′ .

In the following, we define the mappings ϕ : C′
M → AQ, the family (U(ξ, κ) |

(ξ, κ) ∈ CM ′,Q′), and the set CM,Q′ ⊆ C′
M,Q′ . To this end, let (ξ, κ) ∈ C′

M,Q′ . We
will often identify this pair with κ. Then

– For every q ∈ Q we set ϕ(κ)q = wtM (κq) if q ∈ Q′, otherwise we set
ϕ(κ)q = 0.

– We define U(κ) to be the set of all pairs (w1, w2) ∈ pos(ξ) × pos(ξ) such
that w1 < w2 and for every q ∈ Q′ we have κq(w1) = κq(w2).

– We have κ ∈ CM,Q′ if for every (w1, w2) ∈ U(κ) and q ∈ Q′ we have
wtM (κq|w1

) = wtM (RM (κq|w1
)). We set CM =

⋃

Q′⊆Q CM,Q′ .

Lemma 21. Let A be an extremal semiring and ξ ∈ TΣ . Then there is a κ such
that (ξ, κ) ∈ CM and ϕ(κ) = hµ(ξ).

Proof. We begin by showing the following, more general statement by induction
on ξ: for every ξ ∈ TΣ and q ∈ Q there is a κ ∈ Rq

M (ξ) such that the statement
P (ξ, κ) holds, where P (ξ, κ) iff for every w ∈ pos(ξ) we have wtM (κ|w) =
wtM (RM (κ|w)).

Let ξ = σ(ξ1, . . . , ξk). By Observation 18 there is a κ′ ∈ Rq
M (ξ) such that

wtM (κ′) = wtM (Rq
M (ξ)). By induction hypothesis, there are κ1 ∈ RM (κ|1), . . .,

κk ∈ RM (κ|k) such that for every i ∈ {1, . . . , k} we have P (ξi, κi). Now we
construct κ = κ′(ε)(κ1, . . . , κk). It is easy to see that P (ξ, κ) holds.

Finally, let Q′ = {q ∈ Q | hµ(ξ)q 6= 0}. We construct κ ∈ RM (ξ)Q′

as follows:
for every q ∈ Q′ let κq ∈ Rq

M (ξ) such that P (ξ, κ) holds. By [22, Sect. 3.2], we
have ϕ(κ) = hµ(ξ). ⊓⊔

Lemma 22. Let A be a commutative, extremal semiring and M have the twins
property. Moreover, let Q′ ⊆ Q and (ξ, κ) ∈ CM,Q′ such that U(κ) 6= ∅. Then
there are (ξ′, κ′) ∈ CM,Q′ and a ∈ A such that ϕ(κ) = a · ϕ(κ′) and |U(κ′)| <
|U(κ)|.

Proof (of Lemma 22). Since U(κ) 6= ∅, there is a pair (w1, w2) ∈ U(κ) such that
for every (w′

1, w
′
2) ∈ U(κ), if w′

1 ≤ w1, then w′
1 = w1. We construct ξ′ = ξ[ξ|w2

]w1

and for every q ∈ Q′ and w ∈ pos(ξ′), we set κ′
q(w) = κq(w2v) if w = w1v

and κ′
q(w) = κq(w) otherwise. Finally, if Q′ = ∅, we set a = 0, otherwise

we choose some q′ ∈ Q′ and set a = wtM (κq′ [z]w2
|w1

). Now we show that
(1) (ξ′, κ′) ∈ CM,Q′ , (2) ϕ(κ) = a · ϕ(κ′), and (3) |U(κ′)| < |U(κ)|.

We begin with Statement 1. It is easy to see that (ξ′, κ′) ∈ C′
M,Q′ . Now let

(w′
1, w

′
2) ∈ U(κ′) and q ∈ Q′. We show that wtM (κ′

q|w′

1
) = wtM (RM (κ′

q|w′

1
)).

Note that w′
1 6< w1. We distinguish two cases.

Case 1: There are v1, v2 ∈ N
∗ such that w′

1 = w1 · v1 and w′
2 = w1 · v2. Since

κ′
q|w1

= κq|w2
for every q ∈ Q′, we obtain that (w2v1, w2v2) ∈ U(κ). Hence

wtM (κ′
q|w′

1
) = wtM (κq|w2v1

)

= wtM (RM (κq|w2v1
))

= wtM (RM (κ′
q|w′

1
)) .
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Case 2: Otherwise, κ′
q|w′

1
= κq|w1

. Thus (w′
1, w

′
2) ∈ U(κ). The rest of the

proof is very similar to that of Case 1.
Now we show Statement 2 for the non-trivial case, i.e., Q′ 6= ∅. Let q ∈ Q′.

Then

wtM (κq)

= wtM (κq[z]w1
) · wtM (κq[z]w2

|w1
) · wtM (κq|w2

)

= wtM (κq[z]w1
) · wtM (RM (κq[z]w2

|w1
)) · wtM (κq|w2

) (Observation 19)

= wtM (κq[z]w1
) · wtM (RM (κq′ [z]w2

|w1
)) · wtM (κq|w2

) (twins property)

= wtM (κq[z]w1
) · wtM (κq′ [z]w2

|w1
) · wtM (κq|w2

) (Observation 19)

= a · wtM (κq[z]w1
) · wtM (κq|w2

) (comm.)

= a · wtM (κ′
q) .

Finally, Statement 3 is easy to see. ⊓⊔

Lemma 23. There is a finite set FM ⊆ C′
M such that U−1(∅) ⊆ FM .

Proof. We construct FM = {κ ∈ C′
M | ∀w ∈ pos(κ) : |w| < |Q||Q|}. Let κ ∈

C′
M \FM . We show that U(κ) 6= ∅ follows. First of all, there is a Q′ ⊆ Q such that

κ ∈ C′
M,Q′ . Since κ 6∈ FM , there is a w ∈ pos(κ) such that |w| ≥ |Q||Q

′|. Hence,

there are k ∈ N, w1, . . . , wk ∈ N
∗, and u1, . . . , uk ∈ QQ′

such that k > |Q||Q
′|,

wi ∈ pos(κ) for every i ∈ {1, . . . , k}, w1 < w2 < . . . < wk, and κq|wi
∈ R

(ui)q

M

for every i ∈ {1, . . . , k} and q ∈ Q′. By the pigeon-hole principle, there are
i, j ∈ {1, . . . , k} such that i < j and ui = uj. Then, however, (wi, wj) ∈ U(κ).

⊓⊔

Proof (of Lemma 14). We choose P = ϕ(FM ) where FM is the set from Lemma 23.
Now let ξ ∈ TΣ . Let n ∈ N be maximal such that there are κ1, . . . , κn ∈ CM

and a1, . . . , ak ∈ A such that ϕ(κ1) = hµ(ξ), U(κn) = ∅, ϕ(κi) = ai · ϕ(κ1) for
every i ∈ {1, . . . , n}, and |U(κi+1)| < |U(κi)| for every i ∈ {1, . . . , n − 1}. We
claim that (1) n > 0 and (2) κn ∈ FM , which allows us to derive

hµ(ξ) = ϕ(κ1)

= an · ϕ(κn)

∈ {a · u | a ∈ A, u ∈ P} .

Statement 1 follows from Lemma 21 if we set a1 = 1.
Finally, we prove Statement 2. Assume that U(κn) 6= ∅. By Lemma 22, there

are κ′ and a′ such that ϕ(κn) = a′ ·ϕ(κ′) and |U(κ′)| < |U(κ)|. Using κn+1 = κ′

and an+1 = a′ · an, we see that n was not maximal. Hence, U(κn) = ∅, and by
Lemma 23, κn ∈ FM . ⊓⊔


