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Abstract. Wepresentamodelcheckingalgorithmfor
�

CTL (andfull CTL) whichusesaniterative
abstractionrefinementstrategy. In eachiterationwe call a standardmodelchecker for theabstract
models� i . If � i doesnotsatisfyΦ werefinetheabstractmodel � i yieldinganotherabstractmodel� i � 1 and(re-)call themodelchecker to � i � 1. Otherwisetheformulaholdsfor theoriginal system�

. Our algorithmterminatesat leastfor all transitionsystems
�

thathave a finite simulationor
bisimulationquotient.In contrastto otherabstractionrefinementalgorithms,we alwayswork with
abstractmodelswhosesizejust dependon the lengthof the formulaΦ (but not on thesizeof the
systemwhich mightbeinfinite).

1 Intr oduction

Thestateexplosionproblemis still themajorproblemfor applyingmodelcheckingto systemsof indus-
trial size.Severaltechniqueshavebeensuggestedto overcomethislimitation of modelchecking;includ-
ing symbolicmethodswith BDDs [BCM � 92,McM93] or SAT-solvers[BCC� 99], partialorderreduc-
tion [Pel93,God96,Val94], compositionalreasoning[Lon93,GL94] andabstraction[CC77,Kur94,CGL94]
[LGS� 95,Lon93,Dam96,DGG97]. See[CGP00]for anoverview.
In this paper, we concentrateon abstractionin a temporallogical setting.Let � betheconcretemodel
(a transitionsystem)that we want to verify againsta temporallogical formula Φ. The rough ideaof
the(exact)abstractionapproachis to replace� by a muchsmallerabstractmodel � α with thestrong
preservationpropertystatingthat � α � � Φ if f � � � Φ. Thesubscriptα standsfor anabstractionfunc-
tion that describesthe relationbetweenconcreteandabstractstates.In the simplestcase,α is just a
function from the concretestatespaceS (the statespaceof � ) to the abstractstatespace(the state
spaceof the abstractmodel � α). For instance,dealingwith the abstractionfunction α thatassignsto
eachconcretestates its (bi-)simulationequivalenceclass,wegetthebisimulationor simulationquotient
system� bis or � sim asabstractmodels,for whichstrongpreservationholdsif Φ is aCTL	 resp.
 CTL	
formula [BCG88,CGL94]. If the formula Φ is fixed,the (bi-)simulationquotientspaceis unnecessary
large. In general,conservativeabstractionsthat rely on the weakpreservationproperty, statingthat� α � � Φ implies � � � Φ, yield much smallerabstractmodels.Suchmodelscan be usedin the ab-
stractionrefinementschemashown in Algorithm 1 (e.g.[BS93,DGG93,Kur94,GS97,CGJ� 00]). Here,

Algorithm 1 Schemaof theabstractionrefinementapproach
constructaninitial abstractmodel � 0; i : � 0;
REPEAT

Model_Check(� i � Φ);
IF � i � � Φ THEN � i � 1 := Refinement(� i ,Φ) FI ;
i : � i � 1;

UNTIL � i � 1
� � Φ or � i ��� i � 1;

IF � i � 1
� � Φ THEN return“yes” ELSE return“no” FI .

Model_Check(����� ) denotesany standardmodelcheckingalgorithmandRefinement(����� ) anoperatorthat
refinesthecurrentabstractmodel � i (i.e. addsfurtherinformationabouttheoriginal system� to � i to
obtainanabstractslightly more“concrete”model).A necessarypropertythatensurespartialcorrectness
of the above abstractionrefinementtechniqueis the strongpreservationpropertyfor the final abstract
model � n whichmight beobtainedwhenno furtherrefinementstepsarepossible.
Themajordifficulty is thedesignof a refinementprocedurewhich on onehandshouldaddenoughin-
formationto theabstractmodelsuchthatthe“chances”to proveor disprovethepropertyΦ in thenext
iteration increasein a reasonablemeasurewhile on the otherhandthe resultingnew abstractmodel� i � 1 shouldbe reasonablesmall. The first goal can be achieved by specification-dependentrefine-
mentstepssuchascounterexampleguidedstrategies[BS93,Kur94,CGJ� 00] wherethecurrentabstract



model � i is refinedaccordingto anerror tracethat themodelchecker hasreturnedfor � i or by strate-
gies,thatwork with under- and/oroverapproximationsfor thesatisfactionrelation � ��� of theconcrete
model,e.g.[DGG93,LA99,LPJ� 96,PH97]. To keepthe abstractmodelsreasonablesmall two general
approachescanbedistinguished.OneapproachfocussesonsmallsymbolicBDD representationsof the
abstractmodels(e.g.[BS93,KDG95,LPJ� 96,PH97,CJL� 99]), while otherapproachsattemptto mini-
mizethenumberof abstractstates(e.g.[CC77,CGL94,LGS� 95,DGG97]).
While mostof thefully automaticmethodsaredesignedfor very largebut finite concretesystems,most
abstractionrefinementtechniquesfor infinite systemsaresemi-automaticandusea theoremprover to
performthe refinementstepor to provide the initial model � 0 [DF95,GS97,BLO98,AAB � 99,SS99].
An entirelyautomaticabstractiontechniquethatcantreatinfinite systemsis presentedby Namjoshi&
Kurshan[NK00]. In this framework, theconcretesystemis a protocolor program(with variablesthat
might have aninfinite domain)from which theabstractmodelsis derivedby syntactictransformations
thatreplacepredicates(in theprogram)by booleanvariables.
Our contribution: In thispaper, wepresentanabstractionrefinementalgorithmthatworkswith abstract
modelswith afixedstatespacethatjust dependson thespecification(temporallogical formula)but not
on the concretesystem.In our approach,the concretesystem� to be verified is an ordinary (very
largeor infinite) transitionsystem.We usethegeneralabstractionframework suggestedby Damset al
[DGG97] anddealwith abstractmodels� i with two transitionrelations.Althoughour ideaswork for
full CTL, we provide theexplanationsfor thesublogic
 CTL for which theformalismsaresimpler. We
just sketchwhichmodificationsarenecessaryto treatfull CTL.
The rough ideaof our algorithmis the useof abstractmodels � i that areapproximationsof � Φ, the
abstractmodelthatresultsfrom theoriginalmodel � whenwe collapseall statesthatsatisfythesame
subformulasof Φ. (Here,Φ is the formula we want to checkfor � .) Of course,the computationof
the abstractmodel � Φ would be at leastashardasmodelcheckingthe original system� . Anyway,
we canusethe statespaceof � Φ (which consistsof setsof subformulasof Φ or their negations)for
the abstractmodels � i . Thus,the sizeof any of the abstractmodels � i is at mostexponentialin the
length �Φ � of theformula; independenton thesizeof theconcretesystemwhich might beinfinite. Any
abstractmodel � i is equippedwith anabstractionfunctionαi which standsfor partial knowledgeabout
thesatisfactionrelation � ��� in theconcretesystem� . Theabstractionfunctionαi mapsany concrete
states to the abstractstateσ � αi � s� in � i consistingof thosesubformulasΨ of Φ wherewe already
know thats � � � Ψ for all Ψ � σ andall thosenegatedsubformulas� Ψ wheres �� � � Ψ is alreadyshown.
Refining � i meansaddingmoreinformationaboutthe concretesatisfactionrelation � ��� ; resultingin
an abstractmodel � i � 1 whereαi � 1 � s� is a supersetof αi � s� . Partial correctnessof our algorithm is
guaranteedfor (concrete)transitionsystemsof arbitrarysize.Our algorithmterminatesat leastif the
concretesystemhasa finite simulationor bisimulationquotient.Theonly theoreticalrequirementthat
weneedfor anentirelyautomaticimplementationis theeffectivenessof thepredecessorpredicatein the
concretesystemandits dual.
Relatedwork : Ourmethodologyborrowsideasfrom many otherabstractionrefinementalgorithms.We
work with under- andoverapproximationsfor theconcretesatisfactionrelation � ��� thatwederivefrom
the abstractionfunction αi . Although such“sandwich” techniquesareusedby several otherauthors,
e.g.[ASS� 94,LA99,LPJ� 96], wearenotawareany othermethodthatis designedfor general(possibly
infinite) transitionsystemsandworkswith abstractmodelsof a fixedsize.
In [ASS� 94], Aziz et al presenta notionof formula-dependentbisimulationequivalencefor CTL and
interactingfinite statemachines.Their algorithm calculatesthe quotientspaceand uses“pass” and
“f ail” setswhich arealsosomekind of under- andoverapproximationsfor the satisfactionrelationin
the concretemodel.Lind-Nielson& Andersen[LA99] treatsCTL for “state/eventsystems”;theseare
finite statesystemsbuilt from the synchronousparallel compositionof Mealy machines.In contrast
to our approach,the upperandlower boundsfor the concretesatisfactionrelationarecalculatedwith
respectto collectionsof the machinesin the state/event system.Our methodologyis alsocloseto the
framework of Damset al [DGG93] wherean abstractionrefinementalgorithm for 
 CTL and finite
concretetransitionsystemsis represented.[DGG93] only needsunderapproximationsfor theconcrete
satisfactionrelation.Themajordifferenceto our algorithmis thetreatmentof formulaswith a leastor
greatestfixedpoint semantics(suchas 
�� Ψ and 
�� Ψ) in therefinementstep.1 Abstractiontechniques

1 Our refinementoperatorworkswith a “one-step-lookahead”while [DGG93] treatspathsthatmight have length� 1. In fact,this explainswhy underapproximationsaresufficient in theframework of [DGG93] while we need
both under- andoverapproximationsto mimic the standardleastor greatestfixed point computation.The fact
thatwe just refineaccordingto singletransitions(pathsof length1) makesit possibleto treatinfinite systems.
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with under- and/oroverapproximationsthat focuson abstractmodelswith smallBDD representations
arepresentedin [LPJ� 96,PH97,CJL� 99].
We alsouseideasof stablepartitioningalgorithmsfor computingthe quotientspacewith respectto
simulationor bisimulationlike equivalences[PT87,BFH90,LY92,HHK95,BG00]. However, insteadof
splitting blocks(setsof concretestatesthatareidentifiedin the currentabstractmodel)into new sub-
blocks(andthus,creatingnew abstractstates),our approachrefinestheabstractmodelby moving sub-
blocksfrom oneabstractstateto anotherabstractstate(whichpresentsmoreknowledgeaboutthesatis-
factionrelation � ��� ).
Outline: In Section2,weexplainournotationsconcerningtransitionsystems,CTLandbriefly recallthe
basicresultson abstractinterpretationswhereouralgorithmrelieson.Thetypeof abstractmodelsused
in our algorithmis introducedin Section3. Section4 presentsour abstractionrefinementalgorithmfor
 CTLandsketchstheideasto handlefull CTL. A verysimpleexampleis usedto illustratethestepwise
behaviour. Section5 concludesthepaper.

2 Preliminaries

Weexpectsomebackgroundknowledgeontransitionsystems,temporallogic,modelchecking,abstrac-
tion andonly explain thenotationsusedthroughoutthis paper. For furtherdetailsseee.g.[CGP00].
Transition systems: A transitionsystemis a tuple � � � S "!# I  AP L � whereS is a set of states,
I $ S thesetof initial states,AP a finite setof atomicpropositionsandL : S ! 2AP a labelingfunction
which assignsto any states � S the setL � s� of atomicpropositionsthat hold in s. !#$ S % S denotes
the transitionrelation. We write Post� s� for the successorsof s and Pre� s� for its predecessors,i.e.
Post� s� �#& s'(� S : s ! s'*) andPre� s� �+& s'(� S : s',! s) . For B $ S, Pre� B� �.- s/ BPre� s� . Thedual
predicateis givenby 0Pre� B� � S 1 Pre� S 1 B� �2& s � S: Post� s�3$ B )4� A pathin a transitionsystemis a
maximalsequenceπ � s0 ! s1 !5����� of statessuchthatsi � Post� si 6 1 � , i � 1  2  ������ . Here,maximality
meansthateitherπ is infinite or endsin a terminalstate(i.e. astatewithout successors).
Computation tr eelogic (CTL) : CTL (state)formulasin positive normalform arebuilt from the fol-
lowing grammar.

Φ :: � true 777 false 777 a 777 � a 777 Φ1 8 Φ2 777 Φ1 9 Φ2 777 
 ϕ �;: ϕ ϕ :: �=< Φ 777 Φ1 > Φ2 777 Φ1 ˜> Φ2

with a � AP. Here, < and > are the standardtemporalmodalities“Next step” and “Until” while ˜>
denotes“weakuntil” (alsooftencalled“unless”).2 Operatorsfor modelling“eventually”or “always”are
derivedasusual,e.g.
?� Φ � 
 true> Φ and
�� Φ � 
 Φ ˜> false. Theuniversalfragmentof CTL(wherethe
applicationof “ : ” is notallowed)is denotedby 
 CTL. Similarly, : CTLdenotestheexistentialfragment
of CTL. The satisfaction relation � ��� for CTL formulasand transitionsystems� is definedin the
standardway. The satisfactionsetfor Φ in � is givenby Sat� � Φ � �@& s � S : s � ��� Φ )A� We write� � � Φ if f Φ holds for any initial state,i.e. if f I $ Sat� � Φ � . Although negationis only allowed on
the level of atomicpropositions,we shall useexpressionsof the type � Ψ (with the intendedmeaning
s � ��� � Ψ if f s �� ��� Ψ).
Abstract interpretations: Let � � � S "!# I  AP L � be a transitionsystemthat modelsthe “concrete
system”(thatwewantto verify). Let SA beanarbitrarysetof “abstractstates”.In whatfollows,we use
thearabicletters for concretestates(i.e.statess � S) andthegreekletterσ for abstractstates(i.e.states
σ � SA). An abstractionfunctionfor � (with rangeSA) is a functionα : S ! SA suchthatα � s� � α � s'B�
impliesL � s� � L � s' � . Theinducedconcretizationfunctionγ : SA ! 2S is just theinverseimagefunction
γ � α 6 1 (that is, γ � σ � �+& s � S : α � s� � σ ) ). We usetheresultsof [DGG97] andassociatewith α two
transitionrelations! α (whichweshalluseto getunderapproximationsfor thesatisfactionsetsSat� �DC � )
and E α (which yieldsoverapproximations).They aregivenby

σ ! α σ ' if f : s � γ � σ � : s' � γ � σ ' � s.t.s ! s'
σ E α σ ' if f 
 s � γ � σ � : s' � γ � σ ' � s.t.s ! s' �

For any (abstract)pathσ0 E α σ1 E α ����� andconcretestates0 � γ � σ0 � , thereis a (concrete)paths0 !
s1 !F����� in � suchthat α � si � � σi , i � 0  1  ������ while the converseand the correspondingstatement

2 Any ordinaryCTL formula(wherealsonegationis allowedin thestateformulas)canbetransformedinto positive
normal form. Note that the dual to the until operator(often calledthe “releaseoperator”)canbe obtainedbyGIHJG Φ1 K G Φ2 L � H*G Φ1 M Φ2 L ˜K H Φ1 M Φ2 L .
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for ! α might be wrong.Vice versa,any (concrete)paths0 ! s1 !N����� in � canbe lifted to a path
σ0 ! α σ1 ! α ����� whereσi � α � si � , i � 0  1  2  ������ .
Let O � � SA  P! α  Iα  AP Lα � and Q � � SA  "E α  Iα  AP Lα � be the transitionsystemwith statespace
SA wherethe setof abstractinitial statesis Iα � α � I � �R& α � s� : s � I ) . The abstractlabelingfunction
Lα : A ! 2AP is given by Lα � σ � � α � s� for some/allconcretestatess � γ � σ � . Then,we have weak
preservationof thefollowing type.

Lemma 1. (cf. [CGL94,LGS� 95,DGG97]) Let sbea concretestate.
(1) If Ψ is a 
 CTL formulaandα � s� � ��S Ψ thens � � � Ψ.
(2) If Ψ is a : CTL formulaandα � s� � ��T Ψ thens � ��� Ψ.

3 Abstract Φ-models

Throughoutthis paper, we assumea fixedconcretetransitionsystem� � � S P!2 I  AP L � without ter-
minal statesanda 
 CTL formulaΦ. We mayassumethatany atomicpropositiona � AP occursin Φ.
Whenwe refer to a subformulathenwe meana formulawhich is not a constanttrue or false. sub� Φ �
denotesthe setof all subformulasof Φ. With the above assumption,AP $ sub� Φ � . We refer to any
subformulaof Φ of theform Ψ � 
 ϕ asa 
 subformulaof Φ.
The abstract statespaceSΦ: Let cl � Φ � denotethesetof all subformulasΨ of Φ andtheirnegation � Ψ
(whereweidentify �3� a anda). I.e.cl � Φ � � sub� Φ �;U & � Ψ : Ψ � sub� Φ �V)4� WedefinethesetSΦ $ 2cl W Φ X
asfollows. SΦ denotesthe setof σ $ cl � Φ � suchthat the following conditions(i) and(ii) hold. (i) for
any atomicpropositiona � APandσ � SΦ, eithera � σ or � a � σ. (ii) assertstheconsistency of σ with
respectto propositionallogic andlocal consistency with respectto “until” and“weak until”. We just
mentiontheaxiomsfor “until”. 3

1. If Ψ2 � σ and 
 Ψ1 > Ψ2 � sub� Φ � then 
 Ψ1 > Ψ2 � σ.
2. If Ψ2 Y� σ and 
 Ψ1 > Ψ2 � σ thenΨ1 � σ (providedthatΨ1 Y� & true false) ).
3. If � Ψ1, � Ψ2 � σ and 
 Ψ1 > Ψ2 � sub� Φ � then �Z
 Ψ1 > Ψ2 � σ.
4. If �Z
 Ψ1 > Ψ2 � σ then � Ψ2 � σ.

The abstract models O Φ and Q Φ yield preciseabstractionsLet αΦ : S ! SΦ begivenby αΦ � s� �[& Ψ �
sub� Φ � : s � � � Ψ )\U & � Ψ : Ψ � sub� Φ �] s �� � � Ψ ) . It is well-known [Eme90] thatfor theabstractmodel
thatwegetwith theabstractionfunctionαΦ wejustcanestablishtheweakpreservationpropertybut do
nothavestrongpreservation.However, whenweaddanew atomicpropositionaΨ for any 
 subformula
Ψ of Φ thenwe get an abstractmodel for which a slight variantof the strongpreservation property
holds.Let

APΦ � AP U & aΨ : Ψ is a 
 subformulaof Φ )A�
We put aΨ � a if Ψ � a is anatomicproposition.Let L S , L T : SΦ ! APΦ begivenby

L S � σ � �2& aΨ � APΦ : Ψ � σ )A L T � σ � �.& aΨ � APΦ : � Ψ �� σ )A�
Whendealingwith underapproximations,we usethe labelingfunctionL S while L T will serve for the
overapproximations.We define O Φ � � SΦ  "! αΦ  IαΦ  APΦ  L S � and Q Φ � � SΦ  ^E αΦ  IαΦ  APΦ  L T � .
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3 For “weak until” we have essentiallythesameaxiomsasfor “until”. Thepropositionallogical axiomsareobvi-
ous;e.g.werequirethat“Ψ ¤ σ implies G Ψ ¥¤ σ” andthesymmetricaxiom“ G Ψ ¤ σ impliesΨ ¥¤ σ”. Oneof the
axiomsfor conjunctionis “Ψ1 M Ψ2 ¤ σ if f Ψ1 ¤ σ andΨ2 ¤ σ.” Notethatwedonot requiremaximality;i.e.Ψ,G Ψ ¥¤ σ is possibleif Ψ ¥¤ AP.
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Intuitively, thelabelingsL S andL T with theauxiliaryatomicpropositionsaΨ shallencodetheinforma-
tion aboutthesatisfactionsetSat� � Ψ � thatmightgot lostwith theabstracttransitionrelations! α andE α.
Example: For theconcretesystem� shown in thepictureaboveandtheformulaΦ � 
?�Z
Z� a, �¦�� � Φ
while Q Φ � � Φ. In our exampleswe depictconcretestatesby circles,abstractstatesby ellipses.Their
namesarewrittenbelow while thecorrespondinglabelsarewritten insidethestates.�
The formulas Ψ and §Ψ: For eachsubformulaΨ of Φ we definenew 
 CTL formulasΨ and §Ψ by
structuralinduction.If Ψ is true, falseor a literal thenΨ � §Ψ � Ψ. If Ψ � Ψ1 9 Ψ2 thenΨ � Ψ1 9 Ψ2

and §Ψ � 0Ψ1 9 0Ψ2. Conjunctionis treatedin a similar way. Thetransformationsfor “next step”,“until”
and“weak until” make useof thenew atomicpropositions.For Ψ � 
 < Ψ0 we put Ψ � � 
 < Ψ0 � 9 aΨ
and §Ψ � � 
 < 0Ψ0 � 8 aΨ. If Ψ � 
 Ψ1 > Ψ2 thenwe put Ψ � 
 Ψ1 > � Ψ2 9 aΨ � and §Ψ � � 
 0Ψ1 > 0Ψ2 � 8 aΨ.
Similarly, we treatweakuntil. It is easyto seethatfor any concretestatesandΨ � cl � Φ � :

αΦ � s� � � S Φ Ψ if f αΦ � s� � ��T Φ §Ψ if f s � � � Ψ.

In theexampleabove,weget §Φ � � 
?�¨§Ψ � 8 aΦ where §Ψ � � 
Z� a� 8 aΨ andthedesiredproperty Q Φ �� � §Φ.
Abstract Φ-models: O Φ and Q Φ containall information that we needto model checkthe original
system � againstthe formula Φ. In our abstractionrefinementalgorithm we make useof abstract
modelswhichcanbeviewedasapproximationsof O Φ and Q Φ.

Definition 1. AnabstractΦ-modelfor � is a tuple � � � α  γ  �O© �Qª� consistingof anabstractionfunc-
tion α : S ! SΦ with α � s�«$ αΦ � s� for anyconcretestates � S, the concretizationfunctionγ � α 6 1 :
SΦ ! SandthetwotransitionsystemsO � � SΦ  P! α  Iα  APΦ  L S � and Q � � SΦ  ^E α  Iα  APΦ  L T � where
Iα, ! α and E α aredefinedasin Section2. �
Intuitively, thesetsα � s� consistof all subformulasΨ of Φ wheres � ��� Ψ hasalreadybeenverifiedand
all formulas� Ψ wheres �� ��� Ψ hasalreadybeenshown.However, theremightbeformulasΨ � sub� Φ �
suchthatneitherΨ � α � s� nor � Ψ � α � s� . For suchformulasΨ, wedo not yet know whethers � � � Ψ.
Let � � � α  γ  �O© �Qª� beanabstractΦ-model.Weassociatewith � two satisfactionrelations.� � S denotes
thestandardsatisfactionrelationfor CTL andthetransitionsystemO . As we assumethat theconcrete
transitionsystem� hasno terminalstates,all pathsin � and O are infinite. However, the abstract
transitionsystemQ might have terminalstates.For Q , we slightly departfrom thestandardsemantics
of CTL. For the finite pathsin Q , the satisfactionrelation � ��T treatsweakuntil anduntil in the same
way. Let π � σ0 E α σ1 E α ������E α σn bea finite path.Then,π � ��T Ψ1 > Ψ2 if f π � ��T Ψ1 §UΨ2 if f either
σ0  σ1 �����¬ σn � ��T Ψ1 or thereis somek � & 0  1  ������� n ) with σ0  σ1  ������� σk 6 1 � ��T Ψ1 andσk � ��T Ψ2.4 The
reasonwhy weneedthismodificationis thatwe“reverse”theresultestablishedby [DGG97] statingthat
α � s� � ��T Ψ impliess � � � Ψ for any : CTL formulaΨ (seeLemma1, part (2), andLemma2, part (b))
For infinite pathsandany typeof pathformulas,we dealwith theusualCTL semanticsin Q . Also for
the next stepandweakuntil operatorandfinite pathsin Q , we work with theusualsemantics.(Thus,
σ � ��T 
 < Ψ holdsfor all terminalstatesσ in Q .)

Lemma 2. For anyconcretestates � SandΨ � sub� Φ � :
(a) If α � s� � � S Ψ thens � ��� Ψ.
(b) If α � s�ª�� � T §Ψ thens �� ��� Ψ.
(c) If Ψ � α � s� thenα � s� � � S Ψ.
(d) If � Ψ � α � s� thenα � s�ª�� ��T §Ψ.

Proof. Parts(a)and(b) canbederivedfrom Lemma1. Parts(c) and(d) areeasyverifications.�
Any abstractΦ-model � � � α  γ  �O© ¬Q«� inducesunder- andoverapproximationsfor thesetsSat� � Ψ � �& s � S: s � ��� Ψ ) , Ψ � sub� Φ � .
Definition 2. Let Sat� � Ψ � �2& s � S: � Ψ Y� α � s�®) andSat6 � Ψ � �2& s � S: Ψ � α � s�®) . �
As we requirethatα � s�¯$ αΦ � s� we have:

Lemma 3. Sat6 � Ψ �°$ Sat� � Ψ �°$ Sat� � Ψ � for anyΨ � sub� Φ � . �
4 Alternatively, whenwe interpretapathformulaΦ � � ϕ over ± thenwemayusethestandardsemanticsfor CTL

but switchfrom
�

Ψ1 K Ψ2 to theformula
�

Ψ1 K H Ψ2 ² H Ψ1 M �A³ falseL"L .
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Clearly, given α or γ, the abstractΦ-model � is uniquely determined.Vice versa,given over- and
underapproximationsSat� � Ψ � andSat6 � Ψ � for Sat� � Ψ � thereexists a uniqueabstractΦ-model �
with Sat� � Ψ � � Sat� � Ψ � andSat6 � Ψ � � Sat6 � Ψ � .5
Definition 3. � � � Φ iff Φ � σ for all abstract initial statesσ and � � � � Φ iff there is anabstract initial
stateσ with � Φ � σ.6 �
Clearly, � � � Φ if f I $ Sat6 � Φ � if f Φ � α � s� for any concreteinitial states. Similarly, �´�� � Φ if f there
is a concreteinitial statessuchthat � Φ � α � s� . By parts(c) and(d) of Lemma2, we get:

Lemma 4. If � � � Φ then � � � Φ. If � � � � Φ then �µ�� � Φ. �
Blocksand the partition Π : We referto thesetsB � γ � σ � , σ � SΦ, asblocks in � with respectto � .
Clearly, thecollectionΠ of all blocksin �  is a partitionof theconcretestatespaceS. It shouldbe
noticedthatfor any blockB � Π eitherB $ Sat6 � Ψ � or B ¶ Sat6 � Ψ � � /0. Thesameholdsfor Sat� � Ψ � .
4 An abstraction refinementmodel checkingalgorithm

Our algorithm(sketchedin Algorithm 2) usesthe abstractionrefinementschemaof Algorithm 1. We
startwith anabstractΦ-model � 0 andwill successively refinethemodel � i until � i � � Φ or � i � � � Φ.
Theoutputof ouralgorithm(sketchedin Algorithm 2) is clearfrom Lemma4.

Algorithm 2 Main procedureof theabstractionrefinementalgorithm� 0 : ��� AP; i : � 0;
REPEAT� := Model_Check(� i � Φ);

IF � i � � Φ and � i � � G Φ THEN
FOR ALL

�
subformulasΨ of Φ DO

IF Sat�· H Ψ L � Sat�· H Ψ L THEN� : � RefineH � � Ψ L ;
ELSE

replaceΨ by theatomicpropositionaΨ
FI

OD
FI
i : � i � 1; � i : �©�ª¸ ;

UNTIL � i
� � Φ or � i

� � G Φ;
IF � i

� � Φ THEN return“yes” ELSE return“no” FI .

The initial abstract Φ-model is theabstractΦ-model � 0 � � AP

a¹Dº�» ¼�½,¾�¿^½ÁÀZÂÃ
ÄÆÅ
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Õ[Ö

×]Ø
that we get with the abstractionfunctionsα0 � αAP : S ! SΦ
whereαAP � s� �ÚÙ L � s�,U & � a : a � AP 1 L � s�®)�Ûa� Hereandin the
following, Ù σ Û denotesthesmallestelementof SΦ containingσ.7

The useof αAP reflectsthe knowledgethat all concretestates
labeledwith an atomicpropositiona satisfya while � a holds
for s if a is anatomicpropositionnot in L � s� . Thestatusof more
complex subformulasin Φ (whosetruthvaluecannotbederived
from theaxiomsfor SΦ) is still open.For theconcretesystem�
and formula Φ depictedin the previous figure (Section3), the
initial abstractmodel � 0 is asshown on theright.
Model checkingthe abstract Φ-model: Let � i � � α  γ  �O© �Qª� bethecurrentabstractΦ-model.In any
iteration,weapplya standardmodelchecker thatsuccessively treatsany 
 subformulasΨ of Φ for both
transitionsystemsO and Q .
Let Ψ bea 
 subformulaof Φ. First,weapplyastandardmodelcheckingroutinefor O andtheformula
Ψ to calculatethe satisfactionsetSatSÜ� Ψ � �Ý& σ � SΦ : σ � � S Ψ ) . We derive the setNewSat� Ψ � �& σ � SΦ : Ψ Y� σ  σ � ��S Ψ ) of all abstractstatesσ whereΨ now holdswhile Ψ did not hold in the
previousiteration.By Lemma2, part(a),we know thatΨ holdsfor all concretestatess � -Þ& γ � σ � : σ �
NewSat� Ψ �®) . Thus,wecanimprovetheunderapproximationSat6

i � Ψ � of Sat� � Ψ � by addingall blocks

γ � σ � whereσ � NewSat� Ψ � to Sat6
i � Ψ � .

5 Considerthemodel � inducedby theabstractionfunctionα H sL �°ß Ψ : s ¤ Sat� H Ψ L"à(á ß G Ψ : s ¤ Sat� H Ψ LPà .
6 Thereadershouldnoticethat � � � Φ is not thesameas � � � G Φ. � � � Φ and � � � G Φ is possible.
7 If σ â 2cl ã Φ ä meetsall axiomsconcerningpropositionalconsistenciesthenσ canbeextended(accordingto the

axiomsthatwerequirefor SΦ) to a leastsupersetå σ æ3¤ SΦ thatcontainsσ. E.g.for Φ � � a K b, åJß bà æç�zß b � Φ à .
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Second,we call a standardmodelchecker for Q and §Ψ to obtainthe setNewSat� � Ψ � �è& σ � SΦ :
� Ψ Y� σ  σ �� � T §Ψ ) of all abstractstatesσ where §Ψ is notsatisfiedwhile §Ψ did holdfor σ in theprevious
iteration.Lemma2, part(b), yieldsthatnoneof theconcretestatess � -Þ& γ � σ � : σ � NewSat� � Ψ �®) sat-
isfiesΨ. Hence,we mayremovetheblocksγ � σ � whereσ � NewSat� � Ψ � from Sat�

i � Ψ � (thusyielding
a betteroverapproximationfor Sat�é� Ψ � ).
Algorithm 3 combinesthe two modelcheckingfragmentsandreturnsa new abstractΦ-model �r' �
Model_Check� � i  Φ � with the abstractionfunction α ' whereα ' � s� arisesfrom α � s� by addingΨ if
α � s�ê� NewSat� Ψ � andadding � Ψ if α � s�3� NewSat� � Ψ � .8

Algorithm 3 Themodel-checking-routineModel_Check� �ë Φ �
Let γ betheconcretizationfunctionof � .
FOR ALL

�
subformulasΨ of Φ DO

calculatethesetNewSatH Ψ L �ìß σ ¤ SΦ : σ
� �ªí Ψ andΨ ¤ σ à ;

FOR ALL σ ¤ NewSatH Ψ L DO γ H å σ á ß Ψ à æ L : � γ H σ L«á γ H å σ á ß Ψ à æ L ; γ H σ L : � /0 OD;
calculatethesetNewSatH*G Ψ L �zß σ ¤ SΦ : σ � �ªîðïΨ and G Ψ ¤ σ à ;
FOR ALL σ ¤ NewSatH*G Ψ L DO γ H å σ á ß G Ψ à æ L : � γ H σ Lñá γ H å σ á ß G Ψ à æ L ; γ H σ L : � /0 OD;

OD
returntheabstractΦ-modelinducedby γ.

Example: For theinitial model� 0 in therunningexample,NewSat� Ψ � � NewSat� Φ � � NewSat� � Ψ � �
/0 while NewSat� � Φ � consistsof theblackabstractstateσ �ò& � a  "� Ψ ) . Therefore,wemoveγ � σ � to the
abstractstateσ ' �2& � a  ^� Ψ  "� Φ ) andobtaina model � with thefollowing componentsO and Q . �

aóJô�õö
÷

øJù�ú ûJüVýPþÿü��Óþ ü�������	��
��	�� ����
�������	�����������

The refinementoperator takesas input the abstractΦ-model � that the modelchecker returnsand
replaces� by anotherabstractΦ-model � i � 1 whereagaintheunder- andoverapproximationsareim-
proved.� i � 1 isobtainedbyasequenceof refinementstepsthatsuccessively treatany of the 
 subformulas
of Φ. As usual,thesubformulasshouldbeconsideredin anorderconsistentwith thesubformularela-
tion. Let usassumethat � is thecurrentabstractΦ-modelto berefinedaccordingto a 
 subformulaΨ
of Φ. If theover- andunderapproximationsfor Ψ agreein � , i.e. if Sat� � Ψ � � Sat6 � Ψ � , thenwe may
concludethatSat� � Ψ � � Sat� � Ψ � � Sat6 � Ψ �®� As theprecisesatisfactionsetfor Ψ is known thereis
no needfor furthertreatmentsof Ψ. Fromthis point on, Ψ (andthesubformulasof Ψ) canbeignored.
Thus,we just replaceΨ by the atomicpropositionaΨ. E.g. if Φ � 
 < � 
�� a 8 b� andΨ � 
?� a then
we replaceΦ by 
 < � aΨ 8 b� . Otherwise,i.e. if Sat6 � Ψ � is a propersubsetof Sat� � Ψ � , we calculate�r' � Refine� �ë Ψ � asfollows:

CASE Ψ IS
 < Ψ0 THEN returnRefine_Forall_Next( � ,Ψ);
 Ψ1 > Ψ2 THEN returnRefine_Forall_Until(� ,Ψ);
 Ψ1 §UΨ2 THEN returnRefine_Forall_WeakUntil(� ,Ψ);
ENDCASE

First,we considerthenext stepoperator. Let Ψ � 
 XΨ0. Clearly, all concretestatess wherePost� s�3$
Sat6�� � Ψ0 � satisfyΨ. Similarly, only thoseconcretestatesswherePost� s�I$ Sat� � Ψ0 � arecandidatesto
fulfill Ψ. Thus,we mayreplace� by theabstractΦ-model � ' with

Sat� � � Ψ � � 0Pre ! Sat� � Ψ0 ��"? Sat6 � � Ψ � � 0Pre ! Sat6 � Ψ0 ��"
while theover- andunderapproximationsfor thesetsSat� � Ψ 'B� whereΨ ' �� Ψ do not change.
This changeof � correspondsto a splitting of the blocksB � Π into the subblocksB ¶ P̃ andB 1 P̃
where P̃ � 0Pre� ����� � . The splitting is performedtwice: first for P̃ � 0Pre� Sat6 � Ψ0 ��� which yields an

“intermediate”abstractΦ-model �r' ' ; secondwesplit theblocksin �r' ' with thesetP̃ � 0Pre� Sat� � Ψ0 ���
8 Any movementof blocks might change(improve) the currentabstractΦ-model � . Thus,any FOR-loopof

Model_Check(� ,Φ) is startedwith a modelthatmightbeevenbetterthantheoriginalmodel � .
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In our algorithm the splitting operationdoesnot createnew abstractstates.Let B � γ � σ � whereΨ,
� Ψ Y� σ andP̃ � 0Pre� Sat6 � Ψ ��� . We realizethe splitting of B by moving the subblockB ¶ P̃ from the
abstractstateσ to theabstractstate Ù σ U & Ψ )�Û . Similarly, we treatthesplittingaccordingto theoverap-
proximations. WYX Z[ \?]_^`a
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Algorithm 4 Refine_Forall_Next( �ë Ψ), whereΨ � 
 < Ψ0

Let γ betheconcretizationfunctionof � .ïP : ���PreH Sat�· H Ψ0 L"L ; changed:= false; (* improve theunderapproximationfor Sat� H Ψ L *)

FOR ALL σ ¤ SΦ whereΨ ¤ σ andγ H σ L�� ïP � /0 DO
γ H å σ á ß Ψ à æ L : � H γ H σ L�� ïPL«á γ H å σ á ß Ψ à æ L ; γ H σ L : � γ H σ L�� ïP; changed:= true;

OD
IF notchangedandΨ0 is a propositionalformulaTHEN (* Sat�· H Ψ L � Sat� H Ψ L � Sat�· H Ψ L *)

replaceΨ by theatomicpropositionaΨ
ELSE ïP : � �PreH Sat�· H Ψ0 L"L ; (* improve theoverapproximationfor Sat� H Ψ L *)

FOR ALL σ ¤ SΦ where G Ψ ¤ σ andγ H σ L�� ïP � /0 DO
γ H å σ á ß G Ψ à æ L : � γ H å σ á ß G Ψ à æ Lªá H γ H σ L�� ïP L ; γ H σ L : � γ H σ L�� ïP;

OD;
FI ;
ReturntheabstractΦ-model � ¸ inducedby γ.

Theprocedurefor thehandlingof until andweakuntil is basedon similar ideas.For Ψ � 
 Ψ1 > Ψ2 we
switchfrom � to theabstractΦ-model �r' where

Sat6 � � Ψ � � Sat6 � Ψ2 �,U�� Sat6 � Ψ1 �,¶ 0Pre ! Sat6 � Ψ � "�� �
Then,we checkwhetherthe leastfixedpoint computationof Sat� � Ψ � via theunderapproximationsis
finished.For this, we just needtheinformationwhether�r' � � , i.e. whetherat leastoneof theblocks
hasbeensplittedinto propersubblocks(i.e.γ changed).If soandif Ψ1 andΨ2 arepropositionalformulas
(for whichtheprecisesatisfactionsetsarealreadycomputed)thenwemayconcludethatSat6 � Ψ � agrees
with Sat� � Ψ � . In this case,we switchfrom � to � ' ' whereSat� � � � Ψ � � Sat6 � Ψ � andreplaceΨ by the
atomicpropositionaΨ. If the computationof Sat� � Ψ � is not yet finishedthenwe improve the upper
bound.Theseideasarepresentedin Algorithm 5. Thetreatmentof weakuntil in therefinementstepis
almostthesameasfor until; the only differencebeing– aswe have to calculatea greatestfixedpoint
via overapproximations– thattherolesof under- andoverapproximationshave to beexchanged.
Example: Let usrevisit therunningexample.Let � � � α  γ  �O© �Qª� bethecurrentabstractΦ-modelthe
modelcheckerhasreturnedin thefirst iteration(seethepictureabove).Refinementstartswith Ψ � 
Z� a.
We get 0Pre� Sat� � Ψ ��� � 0Pre� γ � & a )���� � γ � & a )��Á1 & s0 ) . Thus,thegrey concreteinitial states0 is moved
to & a  ^� Ψ ) . All otherrefinementstepsleave themodelunchanged.Refine(�ë Φ) returnsthemodelwith
componentsO 1  �Q 1 asshown below.

������ ����� ������ 	��¡� ���¢�£¤�¥	¤�¦�¥	¤�§¨�©�ª�«�¬�® ¯�°	¯�±²�³�´�µ�¶�·¸�¹�º�»	¹�¼�»�¹�½�¾
¿ÁÀ ÂÄÃ
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In the following modelcheckingphase,NewSat� Ψ � � NewSat� Φ � � NewSat� � Ψ � � /0. NewSat� � Φ �
consistsof thegrey abstractstateσ � & a  "� Ψ ) . Therefore,wemoveγ � σ � � & s0 ) to theabstractstateσ ' �& a  ^� Ψ  "� Φ ) . We obtainanabstractΦ-model � 2 wheretheabstractinterpretationof theconcreteinitial
states0 is α2 � s0 � � σ ' . As σ ' contains� Φ, the condition � 2 � � � Φ in the repeat-loopof Algorithm 2
holds(seeDef. 3). Hence,Algorithm 2 terminateswith thecorrectanswer“no”. �

Algorithm 5 Refine_Forall_Until(�ë Ψ) whereΨ � 
 Ψ1 > Ψ2

Let γ betheconcretizationfunctionof � .ïP : ���PreH Sat�· H Ψ L"L ; changed:= false; (* improve theunderapproximationfor Sat� H Ψ L *)

FOR ALL σ ¤ SΦ whereΨ ¤ σ, Ψ1 ¤ σ andγ H σ L�� ïP � /0 DO
γ H å σ á ß Ψ à æ L : � H γ H σ L�� ïPLªá γ H å σ á ß Ψ à æ L ; γ H σ L : � γ H σ L�� ïP; changed:= true;

OD;
IF notchangedandΨ1 � Ψ2 arepropositionalformulasTHEN

(* theleastfixedpoint computationis finished;put Sat�· H Ψ L : � Sat�· H Ψ L *)
replaceΨ by theatomicpropositionaΨ;
FOR ALL σ ¤ SΦ with Ψ ¤ σ and G Ψ ¤ σ DO

γ H å σ á ß G Ψ à æ L : � γ H å σ á ß G Ψ à æ Lªá γ H σ L ; γ H σ L : � /0;
OD

ELSEïP : � �PreH Sat�· H Ψ L"L ; (* improve theoverapproximationfor Sat� H Ψ L *)

FOR ALL σ ¤ SΦ where G Ψ ¤ σ, G Ψ1 ¥¤ σ, G Ψ2 ¤ σ andγ H σ L�� ïP � /0 DO
γ H å σ á ß G Ψ à æ L : � γ H å σ á ß G Ψ à æ Lªá H γ H σ L�� ïP); γ H σ L : � γ H σ L�� ïP

OD
FI
ReturntheabstractΦ-modelwith concretizationfunctionγ.

Remark: Thereis no needfor an explicit treatmentof the booleanconnectives9 and 8 in the model
checkingor refinementstep.For instance,if Ψ � Ψ1 9 Ψ2 is a subformulaof Φ then improving the
approximationsfor thesetsSat�t� Ψ1 � automaticallyyieldsanimprovementfor theunderapproximation
for Sat� � Ψ � . “Moving” ablockB from anabstractstateσ to theabstractstateσ ' � Ù σ U & Ψ1 )�Û hasthe
sideeffect thatB is addedto bothSat6 � Ψ1 � andSat6 � Ψ � . This is dueto theaxioms,we requirefor the
elementsin SΦ. Thecorrespondingobservationholdsfor theoverapproximationsSat� �DC � . �
Remark: The auxiliary atomic propositionsaΨ play a crucial role in both the model checkingand
the refinementprocedure.The labelingsL S andL T cover the information that might got lost due to
the transitionrelations ! α and E α. In the refinementphase,they are necessaryto detectwhen the
computationof a leastor greatestfixedpoint is finished. �
Lemma4 yieldsthepartialcorrectnessof ouralgorithm.

Theorem1. [Partial correctness]If Algorithm 2 terminateswith the answer“yes” then � � � Φ. If
Algorithm2 terminateswith theanswer“no” then �µ�� � Φ. �
Becauseof thesimilaritieswith stablepartitioningalgorithmsfor calculatingthe(bi-)simulationequiv-
alenceclasses[PT87,BFH90,LY92,HHK95] it is not surprisingthatour algorithmterminatesprovided
thatthe(bi-)simulationquotientspaceof � is finite.

Theorem2. [Termination] If the concretemodel � hasa finite simulationor bisimulationquotient
thenAlgorithm2 terminates.

Proof. (sketch)Neitherthemodelcheckingphasenortherefinementstepsplitsany of the(bi-)simulation
equivalenceclasses.9 Eithera (bi-)simulationequivalenceclassis completelymovedto anotherabstract
stateor noneof its statesis moved.Undertheassumptionthatthereareonly finitely many (bi-) simula-
tion equivalenceclasses,only a finite numberof “movementsof blocks” is possible.�
Full CTL: Our algorithmcanbe extendedto treat full CTL. The major differenceis the handlingof
existential quantificationwhich requiresthe useof the transition relation E α when calculatingthe

9 This canbe derived from the resultsin [BCG88,CGL94]statingthat (bi-)simulationequivalent statessatisfy
exactly thesameCTL resp.

�
CTL formulas.Any two concretestatesthatareseparatedin a refinementstepcan

bedistinguishedby CTL or
�

CTL formulasbuilt from thesubformulasof Φ andthenext stepoperator.
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underapproximationswhile for the overapproximationswe usethe transitionrelation ! α. Given an
abstractΦ-model � � � α  γ  �O© �Qª� , we work (asbefore)with two satisfactionrelations � ��S and � � T .
E.g. σ � � S : ϕ if f thereexists a path π in Q (i.e. a path built from transitionsw.r.t. E α) that starts
in σ andπ � � S ϕ. In the refinementphase,we usethepredecessorpredicatePre��C � ratherthan 0Pre��C � .
E.g.to improvetheunderapproximationfor asubformulaΨ � : � Ψ0 wesplit any blockB � γ � σ � (where
Ψ Y� σ) into B ¶ Pre� Sat6 � Ψ ��� andB 1 Pre� Sat6 � Ψ ��� . Again,thepartialcorrectnessrelieson theresults
of [DGG97]. Terminationcanbeguaranteedfor any concretesystemwith afinite bisimulationquotient.

5 Concluding remarks

We havepresenteda generalabstractionrefinementalgorithmfor modelcheckinglargeor infinite tran-
sition systemsagainst
 CTL (or CTL) formulas.Partial correctnesscanbeestablishedfor any concrete
transitionsystem� which (if it is finite) couldberepresentedby a BDD or might bea programwith
variablesof aninfinite type.Terminationcanbeguaranteedfor all concretesystemswith afinite bisim-
ulationquotient.For 
 CTL, our algorithmterminatesalsoif only thesimulationquotientis finite.
Clearly, thefeasabilityof our algorithmcrucially dependson therepresentationof theconcretesystem
for which we have to extractthe 0Pre-information.In principle,our methodologycanbecombinedwith
several fully or semi-automatictechniquesthatprovide anabstractmodel.For largebut finite concrete
systems,we suggesta symbolic representationof the transitionrelation in � and the blocks in Π
with BDDs.Wejuststartedto implementourmethodwith aBDD representationfor theconcretemodel� but, unfortunately, cannotyet reporton experimentalresults.It might be interestingto seewhether
(and how) the abstractiontechniquesfor BDDs (e.g. [CJL� 99,LPJ� 96]) can be combinedwith our
algorithm.To reasonaboutinfinite systems,thefully automaticapproachof [NK00] seemsto fit nicely
in our framework asit workswith a 0Pre-operatorsimilar to theonethatwe use.
Oneof thefurtherdirectionswe intendto investigateis thestudyof realtime systemsor othertypesof
transitionsystemsthatareknown to havefinite (bi-)simulationquotients[AD94,HHK95]. In principle,
our techniqueshouldbe applicableto establishqualitativ propertiesof timed automata(expressedin
CTL). It wouldbeinterestingto seewhether(andhow) ourmethodcanbemodifiedto handlequantitativ
properties(e.g.specifiedin TCTL).
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